Non-commutative Poisson algebras are the algebras having an associative algebra structure and a Lie structure together with the Leibniz law. The non-commutative Poisson algebra structures on the infinite-dimensional algebras are studied. We show that these structures are standard on the poset subalgebras of the associative algebra of all endomorphisms of the countable-dimensional vector space These structures on KaceMoody algebras of affine type are determined. It is shown that the associative products on the derived Lie ideals are trivial, and the associative product action of the scaling elements are fully described. @ 1998 Elsevier Science B.V.
Deformation
theory of algebras has been widely studied. This theory is originated by Gerstenhaber in a series of paper , presently the best overview of this subjects is the long paper by Gerstenhaber and Schack [8] or the book by Shnider and Sternberg [ 111. Our interest is the deformation theory of Poisson algebras. It happens many times that the Leibniz law does not hold after deforming a Lie structure without changing an associative algebra structure. What deformations of these associative algebra structures satisfy the Leibniz laws with the deformed Lie algebra structure?
We do not restrict ourselves to find such associative algebra structures of commutative ones. This motivates us to propose the problem:
For a Lie algebra L with a Lie product [-, -I, find an (not necessarily commutative)
associative algebra product, denoted by xy the associative algebra product of x, y in L, satisfying the Leibniz Zaw: [ 
xy,z] = [x,z]y + x[y,z] for x,y,x E L.
We call such an algebra having an associative algebra structure and a Lie algebra structure together with the Leibniz law * E-mail: remakubo@tobata.isc.kyutech.ac.jp.
0022-4049/98/$19.00 @ 1998 Elsevier Science B.V. All rights reserved PfI SOO22-4049(96)00141-7 a non-commutative Poisson algebra. This notion is in the framework of "Leibniz pairs" introduced by Flato et al. [2] .
While the most interesting examples of non-commutative Poisson algebras L are probably the infinite-dimensional ones, we have asked the question of what possibilities are allowed for the finite-dimensional ones and we answered in the previous paper [lo] that the associative algebra products of non-commutative Poisson algebra L are trivial, i.e., LL = 0 when L are finite-dimensional semisimple Lie algebras over an algebraically closed field of characteristic zero. The simplicity of Lie structure is crucial in the finite-dimensional case. Unlike finite-dimensional simple Lie algebras (i.e., Kac-Moody algebras of finite type), infinite-dimensional Kac-Moody algebras have the center, hence not simple. In the begining of the study of non-commutative Poisson algebra structures of Kac-Moody algebras, we expected that the associative algebra products were trivial or they were similar to those of "basic nilpotent algebras" introduced in [lo] . But these are not those cases. The scaling element plays an important role and we finally get It is easy to verify that the Kac-Moody algebra g(A) together with the associative algebra structure given above is actually a non-commutative Poisson algebra. For example, to verify the Leibniz law we put y1 = xi + pld, yz = x2 + pzd, y3 = x3 + p3d (xi E g'(A), pi E @). In the case that an associative product is given by (1) in Theorem, we have bl,YZlyS = 0 and then bl, Y2y31 = y2blyY31 = lPZ([xl,x3I
Theorem. Let g(A) be a Kac-Moody algebra with a Lie bracket [-,-I over the field 62 of the complex numbers corresponding to a generalized Cartan matrix A of afine type, c the canonical central element and d the scaling element of g(A). Let us denote by g'(A) the derived Lie ideal [g(A), g(A)] so that g(A) = g'(A)
+ plbhl + mh,dl).
Before going into the investigation of the associative algebra structures on KacMoody Lie algebras, we take a look at the Lie structures of some infinite-dimensional associative algebras. For any associative algebra B one can always construct a noncommutative Poisson structure in which we take the Lie product {-, -} to be the scalar multiple of the ordinary associative commutator [-, -I, i.e., by setting {x, y} = p[x, y] = p(xy -yx). If B is a direct sum of subalgebras B,(y E r) then one can even take different pr on each of the components.
A non-commutative
Poisson algebra obtained in this way is called standard or said to have a standard structure.
Let M,(C) be the associative algebra of row-finite N x N matrices with coefficients in C consisting of those matrices (xii) for which xij = 0 except finite number of j's in each i-row. Note that the algebra Moo(C) is isomorphic to the algebra En&(V) of all endomorphisms of a countable-dimensional vector space Y over C. When a subalgebra B of M, (C) contains all the diagonal matrices, define the poset I = Z(B) by setting i 4 j if eij E B (where eij is the matrix with 1 in the (i,j)th place and 0 elsewhere). Note that this theorem is still true for the locally finite associative algebra M = xi j Ceij (finite sum in i,j), which is simple and isomorphic to the direct limit li1$4, (C) of the full algebras Mn(@) of 12 x n matrices. The corresponding result of the finite-dimensional case will be found in [lo, Theorem 21. For the sake of use later we state in Table 1 the possible (ai, uj)-tables together with their diagrams, referring to the last assertion of Lemma 2.
Non-commutative Poisson algebra structures on Kac-Moody algebras

h)[ei,ej] = [hei,ej] = aj(h)ejei + h[ei,ej]. These imply aj(h)ejei = 0, and then ejei = 0 by choosing h with uj(h) # 0. (2) This follows from the following computation: Lj(h)[ej,ei] = [hei, ei] = Cri(h) eiej + h[ej, ei] = (kEi(h) -Li
The subdiagram S--X--~ implies L<(mv) = Lj(ay) = 0. Hence, the subdiagrams *,P-----a; and ":-----"P, each of which hold one vertex in common with that diagram, must be drawn as ",P--x--*; and 2--x--2, respectively. By the comrectedness of the Dynkin diagrams we obtain ,,"
Proposition 4 (Reduction).
Zf there exists a subdiagram i--x--: in a Dynkin diagram, then all other subdiagrams consisting of two vertices and one edge between them must be of the picture o--x--m.
We also note that Li(ory) = 0 if and only if Lj( Ey) = -k for all cases in Table 1 .
The associative products of the generating elements in k(A), g(A)]
The aim of this section is to show the triviality of the associative products eiej, ejei, $ej, ej$' of the Chevalley generators {eo,. . . ,e,} and II". We shall meet a contradiction under the assumption that eicj # 0 or cjei # 0 for all pairs of i,j = 0 , . . . , n with i # j. Then the triviality of these products follows from Proposition 4. To lead to a contradiction we shall find the relations among the forms of generalized Cartan matrices A, the canonical central elements c, and the matrices (Li(ay )) or (&(a;)).
The canonical central elements
Let A be the root system of a Kac-Moody algebra g(A) of affine type, W the Weyl group of g(A). A root a is called real if there exists a w E W and a simple root ai such that a = w(ai), and called imaginary otherwise. Let Are, Aim be the set of all real roots, all imaginary roots, respectively. Since we consider only of affine type, we have the important property that Aim = {nb 1 n E E}. The imaginary root 6 is given by
The numbers ai are the components of the vector a which satisfies Aa = 0, and labeled in cc, a5 Proof. We assume that eiej # 0 or ejei # 0 for any pairs of i, j = 0,. . . , n with i # j.
Hence the numbers k in Table 1 
Let us put some data of (2.2.1) into the formula (2.2.5) of the case i = 1 and j = 2.
Then it is of the form
At the O-row we have (k2/(n+ 1)) = 0, a contradiction. If we put some data of (2. Take a real root a E A", and write a = w(ai), w E W, ai E rl. We put e, = z,(e;),e_, = r,(A). Then exe_, = r,(eifi') = 0, similarly e_,e, = 0. We then take an imaginary root fi E AT of a positive one. Let xb E gb and x-8 E g-8. We write xp = b,,eil, a E AT, X, E ga. By The formulas of (1) in the theorem follows from Lemma 6, (3.1.1), (3.1.8), (3.2.5), up to here we have g'(A)g'(A) = 0; from (3.2.3), we see g'(A)d = 0, and from (3.2.6) we obtain the action of d on g'(A) from the left-hand side. The case that I = 0 and r = t in (3.1.9) corresponds to (r) in the theorem, and we have (n) in the theorem when s # 0 in (3.1.9), and thus we complete the proof of the theorem. 0
Finite-dimensional semisimple Lie algebras
We have known this proposition given in [lo] . By a similar argument this result is possibly extended as follows [2] . Let L be a finite-dimensional Lie algebra over C and a finite-dimensional associative algebra B an L-module on which every element of L acts as an associative derivation. If B contains no proper ideal which is simultaneously an L-submodule, then B must be the algebra of all n x n-matrices for some n, or multiplication in B must be identically zero and hence B has only an irreducible L-module structure. We hope that one will give a sophisticated proof to the theorem in this paper so that this theorem is extended somehow.
Here we note that our "crossword puzzle" proof of the theorem is applicable to the proposition given above. In (2.2. The essence of the proof of the triviality of the associative products among generators el,..., e,,u;/ ,..., L-X," of g(A") can be conveyed by a small example. We consider the Lie algebra g(A") of Gz-type. Since Ai, = -3, we only have the case eie2 # 0.
Observing Table 1 we have the following data:
A0 = , ('A')-'=(;;), L=(_;3;)Jt=(-;_:f).
Substituting these data to the formula (4.1) for p = 1, one gets which contradicts the assumption k # 0. Hence, eiej = 0, $ej = ej$ = 0 for i, j = 1,2. We may reach a contradiction for each of the other cases by putting such data into formula (4.1) for p = 1 in the case A,, E6, ET, Eg or F4, p = n -1 in the case B, or C,, and p = n -3 in the case 0,.
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